We optimize a quantum walk of multiple fermions following a quench in a spin chain to generate near ideal resources for quantum networking. We first prove an useful theorem mapping the correlations evolved from specific quenches to the apparently unrelated problem of quantum state transfer between distinct spins. This mapping is then exploited to optimize the dynamics and produce large amounts of entanglement distributed in very special ways. Two applications are considered: the simultaneous generation of many Bell states between pairs of distant spins (maximal block entropy), or high entanglement between the ends of an arbitrarily long chain (distance-independent entanglement). Thanks to the generality of the result, we study its implementation in different experimental setups using present technology: NMR, ion traps and ultracold atoms in optical lattices.
I. INTRODUCTION
Entanglement is an essential resource for linking distinct quantum registers through teleportation [1] . Therefore, the generation and distribution of entanglement over distances long enough to link separated quantum units on a chip is becoming topical [2] [3] [4] [5] [6] [7] . In parallel, the spread/growth of entanglement from unentangled states due to a quench has become a topic of great interest in condensed matter, both theoretically [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and experimentally [23, 24] . Could it be used for the practical purpose of connecting quantum registers, especially in view of its experimental viability [23] [24] [25] ? This is largely unexplored as the entanglement generated in typical quenches is between blocks and is not arranged in the special form of a high entanglement between individual spin pairs. Such block-block entanglement is not readily useful for applications such as connecting quantum registers. Moreover, whether two large complementary parts of a spin chain can get maximally entangled through a quench with no further manipulation/control is not known to date. Here we show that a simple global quench of a Hamiltonian with spatially varying couplings can not only yield maximal entanglement between complementary blocks of a spin chain, but this entanglement is also distributed in the special form of singlet states of individual pairs of spins. This state is a resource for many simultaneous entangling gates between pairs of quantum registers. From a condensed matter perspective, we show that unbounded entanglement (a topic of high interest [20] ) can be obtained even in non-interacting systems with suitably engineered interactions.
Entanglement between extremal spins of a chain is currently a topic of active interest because of its linking power [26] [27] [28] [29] [30] [31] [32] [33] [34] . However, whether fast (non-adiabatic) dynamics following a "global" quench can produce distance-independent entanglement between extremal spins of a chain is an open question. In schemes studied so far, it typically falls off with the length of the chain [30] [31] [32] [33] . This task is, of course, less demanding than maximal entanglement between two complementary blocks. As a second result, we show that distance independent entanglement can be achieved with quenches to Hamiltonians with "minimal" spatial variation of couplings.
Our study is also motivated by some recent experimental activities. Multiparticle quantum walks have recently gathered exceptional interest [35] fueled largely by the inefficiency of the classical simulation of many-boson quantum walks [36] . The spin chain we consider can be mapped into a fermion hopping model, so the quench generates a manyfermion quantum walk. Many-fermion quantum walks, on the other hand, can be efficiently simulated classically [37] -so one might naively assume them to be of no advantage to quantum information processing. In that respect, what we find here is interesting -the many fermion quantum walk can still generate resources for quantum information tasks, and produce a maximal amount of entanglement. Another subject of high experimental interest is the spread of quantum correlations after a quench [23, 24, 38] . Our work is aimed at offering possibilities to take these studies beyond their fundamental remit, namely in "optimizing" these correlations for useful purposes.
In this article we consider the quench that evolves an initial Néel or ferromagnetic state according to an appropriate free fermion spin model in 1D with the possibility of a spatial variation of the spin-spin couplings. First we prove a mapping which relates the resulting many-fermion quantum walk to a simpler dynamics: we show that correlations developing between two sites m,n at a time t/2 after the quench is related to amplitude of single walker to travel from m to n in a time t. The difference in the times is noteworthy, and highlights the non-triviality of the result (we are not merely restating the well known resolvability of the many free fermion walk to simultaneous single particle walks). Such continuous time quantum walks of a single walker has been subject to intensive research in recent years, motivated by the understanding of quantum information transfer [39] and quantum computation [40] . Our new mapping between quench and quantum walk, together with the wealth of results about information transmission, allows us to propose different optimal strategies to dynamically generate entanglement between distant sites, simultaneously. In particular, exploiting Hamiltonians which allow perfect transmission [41] , one can generate with the quench a maximal set of Bell states between distant spins and ultimately maximal block entropy. A similar final state was obtained in [42] using a combination of Ising-like interactions in two different directions in alternate sites. Our method is conceptually simpler, as it requires the same type of cou-pling throughout the chain. On the other hand, Hamiltonians allowing almost-perfect transfer are easier to implement experimentally, as they usually require a static tuning of a single parameter [43] [44] [45] [46] rather then a full-engineering. We show that these models allow the generation a high entanglement between the ends of the chain, in principle even for N→∞ (i.e., distance independent entanglement).
II. MAPPING BETWEEN QUENCH AND STATE TRANSFER
We consider a chain of N spin-1 2 particles coupled by the following Hamiltonian
where σ α n are the Pauli matrices, J j n are the coupling strengths (J is the energy unit, while j n are adimensional) and ∆ is the eventual anisotropy. We are interested in the entanglement generation via the non-equilibrium evolution of the Néel initial state |AFM =|↑↓↑↓ . . . under the XX Hamiltonian H ∆=0 . Formally this corresponds to a quench from ∆=∞ to ∆=0, though the state |AFM can be prepared in different ways [47] .
We now prove a theorem which connects the manybody non-equilibrium evolution following the quench to a state transfer problem. This connection will be then exploited to maximize the amount of generated entanglement. The initial state |AFM has a fixed number of "particles" and H 0 is quadratic and particle-conserving. Thus, owing to Wick's theorem, the evolved state is completely specified in the Heisenberg picture by the two-point correlation functions c † Thus we obtain the following equality
for any pair of sites n, m. Before clarifying the implications of Eq. (2), we note that f nm (t) represents the probability amplitude for a fermionic quantum walker to reach site n at time t, starting from site m. In the single-particle sector, the fermionic nature of the walker does not show up, and | f nm (t)| 2 quantifies also the state transmission probability from m to n of spin |↑ traveling in a "sea" of |↓ spins. Therefore, if the Hamiltonian (1) for a particular set of couplings { j n } allows perfect single-excitation transfer from m to n at some time t * , then starting from the many-body |AFM initial state two fermions get completely delocalized among the two distant sites m, n at time t * /2, i.e. half of the transmission time. By taking into account the non-local relation between fermions and spins, in the following we prove that at time t * /2 the sites m, n get maximally entangled for particular Hamiltonians and pairs of spins. Therefore, Eq. (2) relates the dynamical entanglement generation from the quench to a simpler optimization of independent quantum walks.
We conclude this introductory discussion with a further comment on Eq. (2), to avoid confusions with Rabi-like dynamics. Two qubits interacting via an XX Hamiltonian with coupling J, display perfect state transfer (|↑↓ → |↓↑ ) after a time t * =π/(2J) and a Bell state generation ( √ 2|↑↓ → |↑↓ −i|↓↑ ) after a time t * /2. However, the interpretation of Eq. (2) as a long distance version of this behaviour is wrong. If a ballistic transfer happens on a time t * , the distant spins cannot be entangled by a single traveling particle after t * /2: this would violate the Lieb-Robinson bound [48] . The physical explanation of the effect we describe is that each |↑ in the initial states propagates in the two different directions and contributes a certain amount of entanglement between the spins in its effective "light cone" [8] . However, a single, delocalized, hopping particle cannot produce maximal long distance entanglement. The final amount of entanglement is due to the sum of different contributions given by each counter-propagating quasi-particle. Therefore, the maximal entanglement generation presented in this article is a truly many-particle effect, which arguably depends on the particular alternation of spins |↑ and |↓ in the Néel initial state [30, 31] ,
A. Fully engineered Hamiltonians for maximal block entropy
Perfect transmission can be achieved via engineered Hamiltonians such as the XX chain with couplings j n = √ n(N − n)/N [49, 50] . In this engineered chain any walker starting from n is exactly transmitted to its mirror symmetric position N−n+1 at the transmission time t * =πN/(2J). Thanks to the mapping Eq. (2), we show that, when the chain is initially set in the (separable) Néel state, after a time t * /2 the state evolves into a maximal set of nested Bell states. A schematic picture of this process is shown in Fig. 1 . As | f n,N−n+1 (t * )|=1 for any n, it is |Ξ =e ing |0 the vacuum of the fermi operators and α i some defined phases. In |Ξ the spin in position n is maximally entangled with the one in position N−n+1, as in Fig. 1 . Indeed, c † n ∝σ + n up to a phase which depends on the number of spin |↑ in position m<n. Proceeding recursively from the center of the chain, one can show that |Ξ ∝(σ
In appendix A we prove that α ′ n =α, so the generated Bell states are |BELL =(|↓↑ +e iα |↑↓ )/ √ 2, being α=0 for N odd and α=π/2 for N even. Accordingly, the left block of the chain is maximally entangled with the right block. The corresponding dynamics of the entropy is shown in Fig. 2 . Finally, our method is much more efficient to generate pairs of remote maximally entangled states. Indeed, the operational time of our protocol scales as N, while the generation of the same state via a composition of CNOT and SWAP gates would require a number of operations of the order of N×N.
B. Minimally engineered model for distance-independent entanglement
Minimally engineered chains [43] [44] [45] allows an optimal ballistic transmission between the chain boundaries. Here only a single parameter is tuned, i.e. the couplings j 1 = j N−1 = j ′ at the ends. The other qubits are uniformly coupled with j n =1/2, n 1, N−1. When j ′ is set to an optimal value ∝N −1/6 the dynamics is ruled by the excitations with linear dispersion relation [45] . Thus | f N1 (t * )|≃1 for a ballistic transmission time t * ≈N/v, being v≃J the group velocity. Minimal engineering maximizes the transmission quality between the chain ends, without optimizing the transmission between other pairs. After the quench, we known from Eq. (2) that at time t * /2 there is an almost-maximally delocalized fermionc between the two ends. Since c † N =σ + N Π, where the parity Π of the whole chain is a constant of motion and Π|AFM =±|AFM , the fermionc yields a highly entangled state between the ends of the chain. However, in this case | f N1 (t * )| 1 because the fermionc has a non-zero probability of staying far from the ends, so the generated longdistance entangled state ρ 1,N is not maximally entangled. The amount of entanglement is quantified by the fully entangled fraction F(t)= max |e e|ρ 1,N (t)|e , where |e is a maximally entangled states. When F> 1 2 the state is purifiable (hence useful for teleportation [51] ). We found F(t)=(1+| f N1 (2t)|) 2 /4. When the optimal j ′ (N) is used, | f N1 (t * )|≃85% for N→∞ [45] . Therefore the generated entangled state is almost distanceindependent as F>85% even in the infinite site limit. Minimal engineering increases the resulting entanglement significantly compared to the uniform case [30] . For smaller chains F is fairly larger (see appendix B) and, e.g., for N=25 it is F=97%.
C. Quench from other initial states
All the results discussed so far can be obtained also with the following Hamiltonian
by quenching the magnetic field from B=∞ to B=0. In appendix C we study also the quench from a different initial state (series of nearest-neighbor Bell states) that might be easier to generate in some experimental setups [52] .
III. EXPERIMENTAL PROPOSALS

A. NMR-based implementation
Pulsed control techniques in Nuclear Magnetic Resonance (NMR) have reached a high degree of maturity [53] and provide a platform to observe quantum dynamics and state transfer in spin chains [54, 55] . The natural dipolar interactions between the nuclear spins can be tuned [56, 57] and an effective "double-quantum" Hamiltonian (3) obtained. In particular, a suitable pulse sequence to engineer the coupling strengths according to j n = √ n(N − n)/N has been recently proposed [57] . At t * =πN/(2J), where J≈5 KHz, a nearly lossless state transfer is expected for chains as long as N=25 [57] . Owing to our mapping, a near perfect generation of nested Bell states is expected when an initially polarized state |FM evolves under H ′ 0 for a time t * /2. In the high temperature regime, a pseudo-pure initial state ρ pp = ζ 2 N 1 1+(1−ζ)|FM FM| may be implemented using standard averaging techniques if enough control on the spins is available [58] [59] [60] . The initialization error ζ leads to F=1−3ζ/4. When ζ is low we have actual etanglement, while when it is high the correlations enable one to verify the protocol. The spins at the ends can be read out [61] exploiting their peculiarity of having just one nearest neighbor. The main error sources are typically pulse errors and intra-chain interactions [56] . For simplicity, we model these errors as an imperfect filtered engineering [57] A nm = j n (δ n,m+1 +δ n+1,m )+ǫ b nm F nm where ǫ is the error strength, b nm models the long range interactions and F models the imperfect filtering. To include the effect of a nearby chain, we consider two parallel chains coupled via dipolar interaction b nm , where the interchain distance is three times the distance between intrachain spins [56] . The elements F nm ∈[−1, 1] are chosen at random. The results are shown in Fig. 3 .
B. Ion Traps Implementation
Ion traps represent a promising implementation of a quantum computer where two internal hyperfine states of each trapped ion implement a qubit [62] [63] [64] . Ising-like coupling between ions can be induced using a magnetic field gradient [65, 66] . In addition, the magnetic field gradient causes local frequency shifts allowing for addressing and manipulation of individual ions using microwave pulses. Segmented microstructured traps provide the possibility of tailoring the couplings via local trapping potential, thus allowing for suppression of long-range couplings [66] . Alternatively, spin-spin coupling can be generated by laser-induced forces [23, 24, 67 ]. An effective XX Hamiltonian can be implemented either with a large transverse magnetic field [23] or via fast sequential applications of Ising evolution in two orthogonal directions [29] . The main sources of error here are long-range interactions and dephasing. The robustness of our scheme against decoherence is studied in Fig. 4 in terms of the dephasing rate Jγ. As J≈1 kHz [29] we find that with a decoherence time 1/(Jγ)≃100ms the entangled fraction F can be higher than 80% for N = 10 (dynamical decoupling as in Ref. [68] can be used as our scheme is invariant to π pulses). To study the effect of long-range interactions we use the approximation j nm =(ω [67, 69]); ω n is the frequency of the local trap, chosen such that j n,n+1 = j n . The result is displayed in Table. I.
C. Optical lattice implementation
In optical lattices, the qubit is encoded into two hyperfine states of a neutral atom [52, 70, 71] . Nearly all requirements for the implementation of our scheme have been met is Refs. [25, 72] -for example, lines of 10-14 atoms without defects forming a spin chain can be post-selected using a quantum gas microscope, which can also be used to readout individual atomic state to verify the generated entanglement. The Néel state initialization should be possible by preparing a spin polarized state and flipping alternate spins by combined action of light from a spatial light modulator (SLM) and a resonant microwave pulse in exactly the same manner as a single [72] and double [25] rows of spins were selectively flipped in recent experiments. After the initialization, one should suddenly (in ≪0.1s) change the laser field from the SLM to that with an appropriate intensity profile [73] to generate the effective coupling j n , as well as to provide a hard wall end to the lattice [6] . An effective XX Hamiltonian with J≈50Hz, should be possible by tuning (e.g. by Feshbach resonance) interspecies and intraspecies interactions [74] . On the other hand, experimental imperfectnesses can introduce spurious interactions as an effective anisotropic J z σ z n σ z n+1 term. We found that the entangling scheme is robust against these imperfections, with 90% of the entanglement preserved for upto J z ≈0.35 j n .
IV. CONCLUSIONS
We have mapped the correlations between two spins m, n produced by specific quenches at t to a different dynamics, namely a spin transfer between sites m and n at 2t. This nontrivial mapping allows one to generate both unbounded blockblock and useful spin-spin entanglement from a global quench in contrast to much condensed mater literature. We found that a full or a minimal engineering of the couplings simultaneously generates many Bell states (maximal block entropy) or distance-independent entanglement. Our method is much more efficient than a composition of CNOT and SWAP gates to generate a full set of Bell pairs: the former scales as t∼N while the latter requires t∼O(N 2 ). Finally, we have studied the feasibility of realizations in NMR, ion traps and ultracold atoms in optical lattices. Given the sub-decoherence operational times (≈ms) and the low control required, our method should be competitive for linking quantum registers.
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Appendix A: Proof of maximal generation of Bell states
In this section we show that, using a full engineered chain one can generate a maximal set of long-distance bell states as in Fig. 1 . For small enough N, one can evaluate efficiently the evolved state exploiting the Fermionic nature of the XX evolution. The time evolved state can indeed be written in a determinant form [43] 
where |m 1 , m 2 , m 3 , . . . represents a state with a spin |↓ in positions m 1 < m 2 < m 3 . . . , and f (ℓ 1 ,ℓ 2 ,... ),(m 1 ,m 2 ,... ) (t) is the submatrix of f with rows specified by the index vector (ℓ 1 , ℓ 2 , . . . ), and columns specified by (m 1 , m 2 , . . . ). The matrix elements f nm (t) can be calculated analytically. One can show [49] indeed that
where
Namely, the engineered quantum walk is equivalent to the rotation of an effective spin-
2 along the x direction. Owing to this equivalence the time evolution can be expressed in terms of the Wigner D matrix [75] :
where the definitions (A3) have been used. The matrix elements of the Wigner matrix are well known. For instance, from
it is now clear that the engineered chain acts as a perfect mirror after a time t * = Nπ/2. However, the analytical expression for t = t * /2 is not so simple. We prove the structure of Fig. 1 thanks to Eq. (2). Indeed, owing to Wick's theorem, the evolved state can be completely specified by its two point correlation function, up to a global phase. Let us set N = 2M − 1 for odd N or N = 2M for even N and
Clearly one can set
, etc., so that the result is (A1). However, there is some arbitrary freedom in choosing U: also with a different M × N matrix U the result can still be that of (A1). We exploit this arbitrariness in order to simplify the derivation. By calculating R nm (t) = c n (t)c † m (t) with the ansatz (A6) one finds
where U (m) is built from U by adding the column vector e (m) which has only one non-zero element, (e (m) ) m = 1. Then R nm can be written as a determinant of a (M + 1) × (M + 1) matrix in a block form
where U n· is the n-th row of U. Using the well known identity
C) and exploiting the fact that U † U is a submatrix of a unitary matrix one obtains
Thanks to Eq.(2), one can write
By imposing that (A10) and (A9) are equal one finds the simple solution
where e iα n = i N−1 (−1) n−1 . Therefore, one obtains that
for N even and
for N odd. Going back into the spin representation, exploiting the anti-commutation relations, one obtains that |Ξ consists of a product of maximally entangled states, as in Fig. (1)
A schematic picture of the resulting state is drawn in Fig. 1 in the main text.
Appendix B: Distance-independent entanglement generation
As stated in the main text, the Hamiltonian H 0 can be expressed as a JW-fermionic hopping model
where A n,m = j n (δ n,m+1 + δ n+1,m ). The hopping matrix A can be diagonalized with an orthogonal matrix g where
The diagonalization was done analytically in Ref. [76] . Hence the fermionic operators in the Heisenberg picture are found to bê
In the basis {|↑↑ , |↑↓ , |↓↑ , |↓↓ }, the only non-vanishing elements of the density matrix of the distant ends spins ρ 1,N are
Defining
we find the density matrix elements to be where the two point correlation function is given by
and M is the number of up spins in the initial state, i.e. N/2 for even N and (N + 1)/2 for odd N. Having the analytic expression for the density matrix, we now evaluate the entanglement between spins 1 and N using the fully entanglement fraction F. For ρ 1,N we find that 
Substituting for α, β, and γ at half the transmission time into eq.(B6) we get the fully entangled fraction 
From Ref. [45] , | f 1,N (t * )| was found to approach an asymptotic value of 0.8469 for large N and hence the asymptotic value of the generated entanglement F in this work is 0.8528. The optimal time for entanglement generation from a quench would be half the time required for state transfer and hence t * /2 = 1 2J (N +2.29N 1/3 ). The resulting F 1,N is shown in Fig. 5 and compared with the case of a homogeneous XX Hamiltonian [30] . The time t * /2 is shown in Fig. 6(a) . Fig. 6 (b) shows the reading time defined as the time interval where F 1,N > F(t ′ )/2. Fig. 7(a,b) shows the fully entangled fraction evaluated numerically for the mirror-symmetric spins in a chain of length N = 10 for the fully engineered and minimally engineered Hamiltonian considered in this article. 
